FREE TOPOLOGICAL UNIVERSAL ALGEBRAS AND 
ABSOLUTE NEIGHBORHOOD RETRACTS 
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Abstract. We prove that for a complete quasivariety /C of topological E- 
algebras of countable discrete signature E and each submetrizable ANR(fc u )- 
space X its free topological i?-algebra F/c(X) in the class K is a submetrizable 
ANR(fc„)-space. 



1. Introduction 

In this paper we study the construction of a free topological universal algebra and 
show that this construction preserves the class of submetrizable ANR(/c w )-spaces. 

To give a precise formulation of our main result, we need to recall some definitions 
related to topological universal algebras. For more detail information, see [6], [7], 
0. 

Definition 1.1. Let (E n ) n£uJ be a sequence of pairwise disjoint topological spaces. 
The topological sum E = © neaj E n is called the continuous signature. The signa- 
ture is called discrete (countable) if so is the space E. 

A topological universal algebra of signature E or briefly, a topological E-algebra is 
a topological space X endowed with a family of continuous maps e n .x '■ E n x X n —> 
X , n G uj. 

A topological i?-algebra (X, {e ni x}neu>) is called Tychonov if the underlying 
topological space X is Tychonov. 

Homomorphisms between S-algebras are defined as follows. 

Definition 1.2. A function h : X — > Y between two topological E- algebras 
(X, {e n x}neuj) and (Y, {e n ,y} n6w ) is called a E -homomorphism if 

e„,y(z, h{xi), . . . , h(x n )) = h(e n ,x{z, xi, . . . ,x n )) 

for any n £ uj, z £ E n , and Xi, . . . , x n EX. 

Such a function h is called an algebraic isomorphism (topological isomorphism) 
if h is bijective and both functions h and h~ Y are (continuous) E- homomorphisms 
of the i?-algebras. 

Next, we define some operations over i?-algebras. 

Definition 1.3. For topological i?-algebras X a , a £ A, the Tychonov product 
X = YlaeA is a topological _E-algebra endowed with the structure mappings 

e n ,x(z,xi, ■ ■ ■ ,x n ) = (en,x a (z,pr a (x!), . . .,pr a (x n ))) aeA 
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where n £ u, z £ E n , x%, . . . ,x n £ X, and pr Q : JlaeA X a — > X a is the a-coordinatc 
projection. 

Definition 1.4. A subset A C A of a topological ©-algebra (X, {e„}„ eLJ ) is called 
a subalgebra if e n (E n x A n ) C ^4 for all n € w. 

Since for any subalgebras A; C X, i 6 2, of a topological ©-algebra X the 
intersection A = C\ ieX ^i is a subalgebra of X, for each subset Z C X there is a 
minimal subalgebra (Z) of X that contains Z. This is the subalgebra generated by 
the set Z. The structure of this subalgebra (Z) can be described as follows. 

Given a subset L C © and a subset Z of a topological ©-algebra (X, {e„} n(Eu ), 

let 

(Z)o = z , 

(Z)Z +1 = (Z)% U |J e KX ((E k n L) x for n£w, and 

By induction, one can check that for compact subspaces L C E and Z C X the 
subset {Z)% of X is compact for every n £ w. Consequently, is a cr-compact 

subset of A". 

Writing the signature £7 and the space Z as the unions © = (Jneo; ^« ano - 
Z = Unew °^ n on-decreasing sequences of subsets, we see that 

(z) = u wi- 

is the subalgebra of X, generated by Z. If the spaces Z n and ©„, n G are 
compact (finite), then each subset (Z n )^" , n £ w, of 1 is compact (finite) and 
hence the algebraic hull (Z) of Z in X is cr-compact (at most countable) . 

Definition 1.5. A class K of topological ©-algebras is called a complete quasiva- 
riety if 

(1) for each topological ©-algebra X G JC, each ©-subalgebra of A belongs to 
the class JC; 

(2) for any topological ©-algebras X a G /C, a £ A, their Tychonov product 
IlaeA -^a belongs to the class JC; 

(3) a Tychonov ©-algebra belongs to JC if it is algebraically isomorphic to a 
topological .©-algebra Y £ /C. 

A complete quasivariety /C is non-trivial if it contains a topological ©-algebra X 
that contains more that one point. 

Finally, we recall the notion of a free topological ©-algebra. 

Definition 1.6. Let JC be a complete quasivariety of topological ©-algebras. A free 
topological E-algebra in JC over a topological space X is a pair (F/c(X), 77) consisting 
of a topological ©-algebra F/c(X) £ JC and a continuous map 77 : X — >• ©a: (A) such 
that for any continuous map / : X — >■ Y to a topological ©-algebra Y £ /C there is 
a unique continuous ©-homomorphism h : ©jc(A) — > Y such that / = ho rj. 

The construction Fjc(X) of a free topological ©-algebra has been intensively 
studied by M.M.Choban [7], [5]. In particular, he proved that for each complete 
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quasivariety K of topological -E-algebras and any topological space X a free topo- 
logical i?-algebra (F;c(X),r]) exists and is unique up to a topological isomorphism. 
Also he proved the following important result, see 2.4]: 

Theorem 1.7 (Choban). If K. is a non-trivial complete quasivariety of topological 
E -algebras, then for each Tychonov space X the canonical map r\ : X — > F)c(X) is 
a topological embedding and Fjc(X) coincides with the subalgebra (r](X)) generated 
by the image T](X) of X in F(X,1C). 

Since rj : X —> F/c(X) is a topological embedding, we can identify a Tychonov 
space X with its image rj(X) in Fjc(X) and say that the free i?-algebra F/c(X) is 
algebraically generated by X. 

In fact, the construction of a free topological _E-algebra Fk,(X) determines a 
functor F/c : Top — > K, from the category Top of topological spaces and their 
continuous maps to the category whose objects are topological -E-algebras from the 
class K, and morphisms are continuous _E-homomorphisms. 

In [6] _ [S] a lot of attention was paid to the problem of preservation of vari- 
ous topological properties by the functor Fjt- In particular, it was shown that 
the functor F/c preserves (submetrizable) fc w -spaces provided the signature E is a 
(submetrizable) fc^-space, see [HI 4.1.2]. 

A Hausdorff topological space X is called a k^ -space if X = lim X n is the direct 
limit of a non-decreasing sequence of compact subsets (X n ) neu of X in the sense 
that X — Unew X n and a subset U C X is open if and only if U H X n is open in 
X n for each n £ lu. Such a sequence (X„) neu is called a k^-sequence for X. 

An s u -space is a direct limit lim X n of a fc^-sequence (A„)„ eilJ consisting of 
second countable compact subspaces of X. It is easy to see that a fc w -space A is an 
s^-space if and only if it is submetrizable in the sense that X admits a continuous 
metric. 

Theorem 1.8 (Choban). LetIC be a complete quasivariety of topological E- algebras 
whose signature E is a (submetrizable) k^-space. Then for each (submetrizable) k^- 
space X the free topological E-algebra Fic(X) is a (submetrizable) k^-space. More- 
over, if E = limL n and X = lm^X n for some k^-sequences (L n ) n eu and (X n ) neuJ , 
then ((r](X n ))n n )n£u) is a k^ -sequence for FjcX and thus F^X = \im(r)(X n ))^ n . 



The principal result of this paper asserts that the functor F/c preserves ANR(A; tJ )- 
spaces. 

Definition 1.9. A fc w -space X is called an absolute neighborhood retract in the 
class of k w -spaces (briefly, an ANR(fc w )) if X is a neighborhood retract in each 
fcoj-space that contains X as a closed subspace. 

In Theorem 12.71 we shall show that a submetrizable fc^-space X is an ANR(/c tJ )- 
space if and only if X each map / : B — >• X defined on a closed subspace of a 
(metrizable) compact space extends to a continuous map / : N(B) — > X defined 
on a neighborhood N(B) of B in A. 

A topological space X is called compactly finite- dimensional if each compact 
subset of X is finite-dimensional. 

The following theorem is the main result of this paper. 

Theorem 1.10. If 1C is a complete quasivariety of topological E- algebras of count- 
able discrete signature E, then for each submetrizable (compactly finite- dimensional) 
ANR(fc^) -space X so is its free topological E-algebra FjcX in the quasivariety /C. 
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In [T] this theorem will be applied for recognizing the topological structure of 
free topological inverse semigroups and groupoids. 

2. ANR(fc w )-SPACES 

In this section we collect some information about ANR(fc u )-spaces. Such spaces 
are tightly connected with ANE-spaces. 

Following |12j we define a topological space X to be an absolute neighborhood 
extensor for a class C of topological spaces (briefly, an ANE(C)-space) if each map 
/ : B — > X defined on a closed subspace B of a topological space C G C has a 
continuous extension / : N{B) — > X defined on some neighborhood N(B) of B in 
C. If always / can be extended to the whole space C, then X is called an abslute 
extensor for the class C. 

By the Dugundji-Borsuk Theorem [9], [5] each convex subset of a locally convex 
linear topological space, is an absolute extensor for the class of metrizable spaces. 
This theorem was generalized by Borges [J] who proved that a convex subset of a 
locally convex space is an absolute extensor for the class of stratifiable spaces. This 
class contains all metrizable spaces and all submetrizable & w -spaces, and is closed 
with respect to many countable topological operations, see [4], [TT] . 

An important example of an ANR(/c w )-space is the space 

Q°° = {(xi) iEw G R°° : sup \ Xi \ < oo} 

of bounded sequences, endowed with the direct limit topology lim[— n, n] u gener- 
ated by the A^-sequence ([— n, n]")„ e N consisting of the Hilbert cubes. Being a 
locally convex linear topological space, Q°° is an absolute extensor for the class of 
stratifiable spaces. 

A topological space X is called a Q°° -manifold if X is Lindelof and each point 
x G X has a neighborhood homcomorphic to an open subset of Q°°. The theory 
of <5°°-manifolds was developed by K.Sakai [13], [14] who established the following 
fundamental results: 

Theorem 2.1 (Characterization). A topological space X is homeomorphic to (a 
manifold modeled on) the space Q°° if and only if X is a submetrizable -space 
such that each embedding f : B — > X of a closed subset B of a compact metrizable 
space A can be extended to a topological embedding of (an open neighborhood of B 
in) the space A into X. 

Theorem 2.2 (Open Embedding). Each Q°° -manifold is homeomorphic to an open 
subset of Q°° . 

Theorem 2.3 (Closed Embedding). Each submetrizable k u -space is homeomorphic 
to a closed subspace of Q°° . 

Theorem 2.4 (Classification). Two Q°° -manifolds are homeomorphic if and only 
if they are homtopically equivalent. 

Theorem 2.5 (Triangulation). Each Q°° -manifold X is homeomorphic to K x Q°° 
for some countable locally finite simplicial complex K . 

Theorem 2.6 (ANR-Theorem). For each submetrizable ANR(fc w )-space X the 
product X x Q°° is a Q°° -manifold. 
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We shall use these theorems in the proof of the following (probably known as a 
folklor) characterization of submetrizable ANR(fc w )-spaces. 

Theorem 2.7. For a submetrizable k^-space X the following conditions are equiv- 
alent: 

(1) X is an ANR(fc u )-space; 

(2) X is an ANE for the class of k u - spaces; 

(3) X is an ANE for the class of compact metrizable spaces; 

(4) X is an ANE for the class of stratifiable spaces; 

(5) X is a retract of a Q°° -manifold. 

The equivalent conditions (l)-(5) hold if X = lhriX n is the direct limit of a k u - 
sequence consisting of compact ANR 's. 

Proof. (1) => (5) Assume that X is an ANR(fc CJ )-space. By the Closed Embedding 
Thcorcm l2.31 we can identify the submetrizable fc^-space X with a closed subspace 
of Q°°. Being an ANR(fc CJ ), X is a retract of an open neighborhood N(X) C Q°°. 
Since N(X) is a (5°°-manifold, X is a retract of a Q°°-ma,miold. 

(5) (4) Assume that AT is a retract of a Q°°-manifold M. By the Open 
Embedding Theorem 12. 2\ M can be identified with an open subspace of Q°° . By 
the Borges' Theorem [4], the locally convex space Q°° is an absolute extensor for 
the class of stratifiable spaces. Then the open subspace M of Q°° is an ANE for 
this class and so is its retract X. 

The implication (4) (3) is trivial since each metrizable space is stratifiable. 

(3) => (2) Assume that X is an ANE for the class of compact metrizable spaces. 
First we prove that X is an ANE for the class of compact Hausdorff spaces. Let 
/ : B — > X be a continuous map defined on a closed subspace B of a compact 
Hausdorff space A. Embed the compact space A into a Tychonov cube I K . The 
image f(B), being a compact subspace of the submetrizable space X, is metrizable. 
By [101 2.7.12], the function / depends on countably many coordinates, which means 
that there is a countable subset C C k such that f = fc° P r c where pr c :I K ^I C 
is the projection onto the face I c of the cube I K and fc ■ pr c (£>) — > f(B) C X is 
a suitable continuous map. Since X is an ANE for compact metrizable spaces, the 
map fc has a continuous extension fc-U—>X defined on an open neighborhood U 
of~pT c (B) in the cube I c . It follows that V = pr^ 1 (U)nA is an open neighborhood 
of B in A and f = fc ° P r cl^ : ^ ^ > A" is a continuous extension of the map /, 
witnessing that X is an ANE for the class of compact Hausdorff spaces. 

Next, we show that X is an ANE for the class of fc w -spaces. Let / : B —> X be a 
continuous map defined on a closed subset B of a fc w -space A. Then A — lim A n for 
some fc^-sequence (A n ) nGul of compact subsets of A. Let A_i = 0. By induction, 
for each n G uj we can construct a continuous map /„ : N n (A n n B) — > X defined 
on a closed neighborhood N(B n A n ) of B n A n in A n and such that 

• N n (B n A n ) D N n -i(B n A n _i), 

• f n \Br\A n = f\Br\A„ and 

• f n \N n - 1 (BnA n ) = f n - 1 . 

The inductive step can be done because X is an ANE for the class of compact 
Hausdorff spaces. After completing the inductive construction, consider the set 
N(B) = [j neuj N n (B n A n ) and a map / = U„ ew fn ■ N{B) X, which is a 
desired continuous extension of / onto the open neighborhood N(B) of B in A. 
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The implication (2) => (1) trivially follows from the definitions of an ANR(fc CJ ) 
and ANE(fc w )-spaces. 

Now assume that X = limX„ is the direct limit of a fc w -scquence (X n ) n ^ u 
consisting of compact ANR' s7~We claim that X is an ANE for the class of compact 
metrizable spaces. Let / : B — > X be a continuous map defined on a closed 
subspace B of a compact metrizable space A. Since X carries the direct limit 
topology limX n , the compact subset f(B) lies in some set X n , n 6 u. Since X n is 

an ANR, the map / : X — > X n has a continuous extension / : N(B) — > X n C X 
defined on a neighborhood N(B) of B in A. □ 



3. Some subfunctors of the functor F/c 

In the proof of Theorem 11.101 we shall apply a deep Basmanov's result on the 
preservation of compact ANR's by monomorphic functors of finite degree in the 
category Comp of compact Hausdorff spaces and their continuous maps. Let C be 
a full subcategory of the category Top, containing all finite discrete spaces. 

We say that a functor F : C — ► Top 

• is monomorphic if F preserves monomorphisms (which coincide with injec- 
tive continuous maps in the category Top and its full subcategory C); 

• has finite supports (degree degF < n) if for each object X of the category 
C and each element a € FX there is a map / : A — ► X of a finite discrete 
space A (of cardinality \A\ < n) such that a 6 Ff(FA); 

The smallest number n 6 uj such that deg F < n is called the degree of F and is 
denoted by degF. If no such a number n £ ui exists, then we put degF = oo. 

The following improvement of the classical Basmanov's theorem [3] was recently 
proved in [2 . 

Theorem 3.1. Let F : Comp — > Comp be a monomorphic functor of finite degree 
n = deg F such that the space Fn is finite. Then the functor F preserves the classes 
of metrizable, finite- dimensional, and ANR-compacta. 

We shall apply this theorem to the subfunctors (-)^ of the functor F/c. We 
recall that /C is a non-trivial complete quasivariety of topological E'-algebras of 
countable discrete signature E. By Theorem 1 1.8[ F/c can be thought as a functor 
F/c : K w — > K w in the category K w of fc w -spaces and their continuous maps. By 
Theorem 2.4 of (7], for each Tychonov space X the free topological iJ-algebra F/c(X) 
is algebraically free in the sense that any bijective map i : Xd — > X from a discrete 
topological space Xd induces an algebraic isomorphism F^i : F^Xd — > F/cX. This 
fact implies: 

Lemma 3.2. The functor F/c : Tych — > Top is monomorphic. 

Proof. Let / : X — » Y be an injective continuous map between Tychonov spaces 
and fd '■ Xd — > Yd be the same map between these spaces endowed with the discrete 
topologies. Let ix ■ Xd — > X and iy : Yd — > Y be the identity maps. Let be any 
(automatically continuous) map r : Irf — > Xd such that r o f d = idx d - Thus we 
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obtain the commutative diagram: 




Applying the functor F/c to this diagram we get the diagram 

F K X -^U F K Y 



F K ix 



F K fa 

F K X d F K Y 

Fur 

The "vertical" maps F K i x : F K X d -> F K X and F K i Y : F K Y d -> F K Y in this 
diagram are bijective because the algebras F/cX and F^Y are algebraically free. 
Taking into account that Fx,roFx,fd = F/c(ro f d ) = F/cidx d — idFcXd, we conclude 
that the map Fjc/d is injective and so is the map F/cf : FjcX — > becuase of 

the bjectivity of the maps F^ix and Fjciy- □ 

Now for every compact subset L C E and every new consider the functor : 
Comp — > Comp which assigns to each compact Hausdorff space X the subspace 
(X)^ of FjcX. The functor assigns to each continuous map / between 
compact Hausdorff spaces the restriction (/)^ = F/e/|(X)^ of the homomorphism 
Fjcf ■ F/cX — > F K Y . 

Lemma 3.3. For every neN, : Comp — » Comp is a well-defined monomor- 
phic functor of finite degree in the category Comp. 

Proof. First we check that for each continuous map / : X — > Y between compact 
Hausdorff spaces, the morphism (/)£ = Fjcf\(X)^ is well-defined, which means 
that F K f{{X)L) C (Y)%. Tnis wm be done by induction on n e w. 

For n = the inclusion F K ((X)%) = F K (X) = f(X) cY = (Y)q follows from 
the fact that the homomorphism Ffc extends the map / (here we identify X and Y 
with the subspaces f](X) and rj(Y) in F/c(X) and Fjc(Y), respectively). 

Assume that the inclusion F/cf((X)^) C (Y)^ has been proved for some new. 
By definition, 

(A)^ +1 = (X) L n U |J e fc , x ((£ fc H L) x «X)£) fe ). 
Fix any element x G If x G {-X)£, then 

e F/c((x)n) c <y>£ c (y>£ +1 

by the inductive assumption. 

)n+l 

and points xi, . . . , x k e (X)^. Since -F/e/ is a i?-homomorphism, we get 

Ficf(x) =F K f{e k ,x{z,xi,...,x k )) = e k , Y {z, F K f(xi), . . . ,F K f{x k )) e 

eei ,y((£ fc ni)x((y)„Y)c(^ + , 

Thus for every new the functor is well-defined. It is monomorphic as a 
subfunctor of the monomorphic functor F/c- 



If x e (X)£ +1 \ (X)^, then a; = e k ,x(z,xi, . . . ,x k ) for some k e u, z e E k C\ L, 



s 
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Next, we show that the functor (•) has finite degree. This will be done by 
induction on n 6 lj. Since (X)q = X, deg(-)g = 1. 

Assume that for some n G oj the functor (-)^ has finite deree d. Since L is a 
compact subset of E, there is m G oj such that L H E k — for all k > m. We 
claim that deg(-)^ +1 < m ■ d. Take any element x G (A)^ +1 . If a; € {X}„, then by 
the inductive assumption there is a subset /I C X of cardinality |A| < d such that 
x G (A)^; and we are done. If a; € (X)^ +1 \ (X)%, then x = e/^xfz^i, . . . ,x k ) for 
some k G oj, z G PI L, and points cci, . . . , G (A)^. Since L C\ E k B z is not 
empty, k < m. By the inductive assumption, for every i < k there is a finite subset 
Ai C X of cardinality < c? such that x% G (Ai)^. Then the union A = Ui=i ^ 
has cardinality |A| < k ■ d < in ■ d and 

x = e kjX (z,Xi,...,x k ) G e K x{{LC\E k ) x ((A)£) fe ) c (A)^ +1 

witnessing that the functor has finite degree deg(-}^ +1 < m ■ d. □ 

Lemma 3.4. If L C E is finite, then for each n G oj the functor (•)„ preseves finite 
spaces. 

Proof. Let X be a finite space. By induction on n G w we shall show that the space 
(X)L is finite. This is clear for n = 0. Assume that for some n G oj the space (X)^ 
is finite. Since L C E is finite there is m G w such that L n = for all k > in. 
Then 

{X) L n+l = (X)„ U |J e fc ,x((i? fc nL) x «A)£) fe ) 

is finite as the finite union of finite sets. □ 

Combining Lemmas 13.31 13.41 with Theorem 13.11 we get 

Corollary 3.5. For any finite subset L C E and every n G oj the functor (•)^ 
preserves (finite- dimensional) compact ANR's. 

4. Proof of Theorem 11.101 

Without loss of generality, the quasivariety K. is non-trivial (otherwise, F/c(X) 
is a singleton and hence is an ANR(fc w )-space for each non-empty space X). 

Let X be a submetrizable ANR(fc w )-space. By the ANR- Theorem 121)1 the prod- 
uct X x Q°° is a <3°°-manifold. By the Triangulation Theorem [2JJ ^ x Q°° is 
homeomorphic to T x Q°° for a countable locally finite simplicial complex T. This 
implies that X x Q°° can be written as the direct limit X x Q°° — hmA„ of a 
fcaj-sequence (X n ) neuj of compact ANR's. 

Write the countable discrete space E as the direct limit E = limL„ of a fc w - 
sequence (£ n )„ Sw of finite subsets of E. By Choban's Theorem ll.8[ the space 
Fjc(X x Q°°) is the direct limit lim(A»)^" of the /c w -sequence (A„)^™. By Corol- 
lary [XU each space (X n )^ n , n G w, is a compact metrizable ANR. Consequently, 
F^(A: x Q°°) = lim(A„}^ is a submetrizable ANR(fc w )-space by Theorem O 
Since X is retract of X x the space F/cX is a retract of F/c(X x and 
hence F^X is a submetrizable ANR(fc w )-space. 

Now assume that A is a compactly finite-dimensional s^-space. Then X = 
lmj X n is the direct limit of finite-dimensional compact metrizable spaces. By the 
Choban's Theorem 1 1 .81 the space F/c(X x Q°°) is the direct limit hm(A n }^'* of 
the few-sequence {X n )^ n . Corollary [33] implies that each compact space (X n )^ n is 
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metrizable and finite-dimensional. Then the space FjcX = lim{X n )^ n is compactly 
finite-dimensional, being the direct limts of finite-dimensional compacta. 
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